
3.6: Forced Oscillations and Resonance

In Section 3.4 we derived the di↵erential equation

mx00
+ cx0

+ kx = F (t). (1)

We wish now to consider what happens when F (t) = F0 cos!t or F (t) =

F0 sin!t.

An example of when this can occur is when

there is a rotating machine component involved

in the mass which can provide a simple har-

monic force. We arrive at the di↵erential equa-

tion

mx00
+ kx = F0 cos!t. (2)

Undamped Forced Oscillations: To study the undamped oscillations under

the influence of the external force F (t) = F0 cos!t, we set c = 0 in Equation

(1) and begin with the equation

mx00
+ kx = F0 cos!t (3)

whose complimentary solution is xc = c1 cos!0t+c2 sin!0t, where !0 =
p
k/m

is the natural frequency of the mass-spring system. We can also see that

the particular solution is of the form xp = A cos!t, where ! is the circular
frequency. Suppose ! 6= !0. (Why?) Taking derivative of xp and plugging

into Equation (2), we get

�m!2
cos!t+ kA cos!t = F0 cos!t

so that

A =
F0

k �m!2
=

F0/m

!2
0 � !2

. (4)

Therefore, the general solution x = xc + xp is given by

x(t) = c1 cos!0t+ c2 sin!0t+
F0/m

!2
0 � !2

cos!t. (5)

Just as in Section 3.4, this becomes

x(t) = C cos(!0t� ↵) +
F0/m

!2
0 � !2

cos!t. (6)

Solutions



Example 1. (Undamped Forced Oscillations)

Suppose that m = 1, k = 9, F0 = 80 and ! = 5 in (2). Find x(t) if x(0) =
x0
(0) = 0.

x "t9x=80cos5t
So Xp

-

-

- Scosst .

So wo=fEi=3 and Then ×=
- Seossttc ,

cos 3ttCzsin3t

XEC ,cos3ttCzsin3t . and × '=2Ssin5t - 3C ,5in3tt3czcos3t .

at :÷n::¥ insist .mu/m..:sini:i:i:::s::a .

Thus

xp'= - zsacosst -25135Mt Finally ,

Solving ,
we find A- - Sand B- - O .

X -

- Scoot - Scosst .



Beats:
If x(0) = x0

(0) = 0 then the solution to (2) can be arranged as

2F0

m(!2
0 � !2)

sin
1
2(!0 � !)t sin 1

2(!0 + !)t.

We see that if |!�!0| is small we get a rapid oscillation plus a slowing varying

amplitude.

Example 2. When m = 0.1, F0 = 50, !0 = 55 and ! = 45 in (2), the solution

written as above is given by

x(t) = sin 5t sin 50t

and the solution curve looks as below.

When !0 = ! in (2) we see that the complementary and particular solutions

would have the same form. In this case we see the phenomenon of resonance.

This phenomenon can be heard when

two horns play simultaneously ,
but are

not exactly attuned
.

-

If x ( o ) -

- x' ( o ) -

- O
,
then C. = -mF÷wy and CEO in Equation G )

.

So xltt-mFE.wykoswt-coswott-n.TT#wysinElwo-wStsinE( worst .

Note that if Wo - w
,
then we have rapid oscillations with slowly varying

amplitude Act ) =2Ywz , sink
Iwo - att

.



Example 3. (Resonance) Suppose that in (2) we have that m = 5 kg and

k = 500 N/m. Then the natural frequency is !0 = 10 rad/s. If the flywheel

revolves at the same rate, then the solution curve looks as below.

More Complex Examples:

Equation 13 ) becomes

Sx "
+500 x = Fo cos lot .

Then the natural frequency

Wo = 10radIs = w
,

where w is the circular frequency of the flywheel in the first, we .

Therefore

Xe -

- C
, cos lot tczsinlot and

Xp = t (Aco slot TB sin lot )

#

Recall the damping regimes for next section
.

Ccr -
- Fi

Overdampedi Two distinct real roots
,

c > Cer

XE C
,
er 't tczert

CriticaHydamped Repeated real roots
,
C

-

- car

Xc = ( c. tczt ) ert

Uirderdamped : complex roots ,
cc Ccr

Xc = e-
Pt ( acosw.tt to sin wit )



Damped Forced Oscillations: Consider now the full generality of Equation

(2):

mx00
+ kx = F0 cos!t.

In this case, we can apply the same trig laws as in Section 3.4 to get

xp = C cos(!t� ↵).

Example 4. Find the transient motion (xc) and the steady periodic oscil-

lations (xp) of a damped mass-and-spring system with m = 1, c = 2, and

k = 26 under the influence of an external force F (t) = 82 cos 4t with x(0) = 6

and x0
(0) = 0. Also investigate the possibility of practical resonance for this

system; i.e. what values of ! maximize the forced amplitude?

Cx
'

t

x'
'

t 2x 't 26×-82 cos 4T ; x Los -
- 6

,
x' ( 03=0

r2t2r +26=6+15+25--0 ⇒ r -

-

- I Isi and

Xi - Et ( c. cossttczsinst ) ( under damped)

Xp
-

- Acos4ttBsin4t .
⇒ Solve for ATB to get Xp=5cos4tt4sin4t .

Then XLH= Etc
, cossttczsinst )t5cos4tt4sin4t .

and X' LH =
- e- tlc

,
wssttczsinst ) tetfsqsinsttsczcosst ) - 20sin4ttI6cos4t

.

Use initial values to get cel and 4=-3 so that

XLHI Et ( cos St - 3 sin St ) + Scout t4sin4t

= Ethos St - 3 sin St ) tf cos Ht - a )
,
where a- tan

'

¥0.6791

- -

transient motion steady periodic oscillations
.

#

Suppose we wish to maximize the resonance ( or possibly avoid the maximum )
,

The practical resonance maximum occurs
.

This depends on the circular frequency w .

-

is where this

Consider x
"

+2×126×-82 coswt
.

Then
,
if w # wee

,
we have Xp

-

- A coswtt Bsinwt
.

- Ceos hot - D
,

where C- TAIBI is the amplitude of the steady periodic oscillation
.

We can solve for A- and B in general in Equation G) to be A -_%m!¥wp and

Thus
guy , B- -

WTI
.

Continue to next page .

Ck - mottled .



Homework. 1-6 (all)


